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1. INTRODUCTION
Let F denote the free group of rank n, freely generated by f , f , . . . , f ,n 1 2 n
and let M s F rFY, the free metabelian group of rank n. We say thatn n n
g g F is a primiti¤e element of F if there exist g , . . . , g g F such thatn n 2 n n
² :g, g , . . . , g s F . Similarly, we say that m g M is a primitive element2 n n n
² :of M if there exist m , . . . , m g M such that m, m , . . . , m s M .n 2 n n 2 n n
w xSince F and M are Hopfian 14, 41.52 , this is equivalent to saying that gn n
and m are primitive elements if and only if they can be included in free
w xbases of F and M , respectively, 14, 41.33 .n n
Now FY is a characteristic subgroup of F , and so there exists a naturaln n
map G: Aut F “ Aut M such that a G: wF0 “ waF0 for each a gn n
w xAut F and wF0 g M . S. Bachmuth and H. Y. Mochizuki 4 haven n
established the remarkable fact that G is an epimorphism for n / 3. It is
equally remarkable that G is not an epimorphism for n s 3, a result first
w xproved by O. Chein 5 . This exceptional property of Aut M has done3
much to stimulate research in the theory of automorphism groups of
Ž w x .relatively free groups, see 9 for a survey of results in this area .
Suppose now that m s wFY g M is a primitive element of M forn n n
some n / 3. It follows easily from the aforementioned result of Bachmuth
and Mochizuki that m is an induced primitive element of M in the sensen
that there exists a primitive element g g F such that m s gFY. In othern n
words, m is the image of a primitive element of F under the natural mapn
w xfrom F to M . In marked contrast, V. A. Roman'kov 15 has shown thatn n
there exists a primitive element of M that is not the image of a primitive3
element of F under the natural map from F to M . We call such a3 3 3
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primitive element of M a non-induced primitive element. No specific3
example of a non-induced primitive element of M has appeared in the3
literature and our main purpose in this work is to exhibit such an element,
Ž . w xthereby solving Problem 4 b of 9 .
Before we can state our results, we need to introduce some notation.
Throughout we write operators on the right. For any group G and all
g y1 w x y1 y1f , g g G we write f for g fg and f , g for f g fg. For each commu-
Ž .tative ring R and integer n G 1, we let GL R denote the general linearn
Ž .group of degree n with entries in R. We let SL R denote the corre-n
Ž . Ž .sponding special linear group and E R denote the subgroup of SL Rn n
Ž .that is generated by the elementary matrices in SL R . Here, as usual, wen
Ž . Ž .say that a matrix b g SL R is elementary if b s 1 for i s 1, 2, . . . , ni, j n i, i
Ž .and there exists at most one ordered pair of subscripts i, j with i / j such
Ž . Ž .that b / 0. In addition, we write GE R for the subgroup of GL Ri, j n n
Ž . Ž .that is generated by E R and the group D R that consists of alln n
Ž . Ž .diagonal matrices in GL R . It is well known that GE R is the semidi-n n
Ž . Ž .rect product of its normal subgroup E R and D R . Thus each matrixn n
Ž .A g GE R can be written uniquely in the form A s ED where E gn
Ž . Ž .E R and D g D R .n n
w "1 "1 xLet R a , . . . , a denote the Laurent polynomial ring in indetermi-1 m
nates a , . . . , a with coefficients in R. A famous result of A. A. Suslin1 m
Ž w "1 "1 x. Ž w "1 "1 x.asserts that E Z a , . . . , a s SL Z a , . . . , a for all integersn 1 m n 1 m
w xn G 3 and m G 1 16 . On the other hand, it is well known that
Ž w "1 "1 x. Ž w "1 "1 x. Ž w x.E Z a , a / SL Z a , a , see, for instance, 3 . This excep-2 1 2 2 1 2
Ž w "1 "1 x.tional property of SL Z a , a lies behind the exceptional behavior2 1 2
of Aut M that we mentioned above, and is also a key ingredient in3
Roman'kov's proof of the existence of non-induced primitive elements of
M .3
Let A s F rFX , the free Abelian group of rank n. We let x s f FY,n n n 1 3
y s f FY, z s f FY, a s f FX , b s f FX , and c s f FX . Thus, in the pleas-2 3 3 3 1 3 2 3 3 3
w x  4  4ing terminology of the English translation of 15 , f , f , f , x, y, z , and1 2 3
 4a, b, c are consonant bases of F , M , and A , respectively. We identify3 3 3
w "1 "1 "1 xZ A , the integral group ring of A , with L s Z a , b , c in the3 3 3
obvious fashion. We also identify M rM X with A so that we may view M X3 3 3 3
as a module over L . Thus, if a g L and m g M X , ma denotes a3 3 3
uniquely determined element of M X . Similarly, we identify Z A with3 2
w "1 "1 x XL s Z a , b and M rM with A .2 2 2 2
Throughout we use the Magnus representation of M and of M as3 2
w xintroduced in 10 . Thus we view M as the group generated under formal3
matrix multiplication by
a 0 b 0 c 0
x s , y s and z s ,t 1 t 1 t 1ž / ž / ž /1 2 3
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 4 3where t , t , t is a basis for L , a free L -module of rank 3. Of course,1 2 3 3 3
we also view M as the group generated by the matrices x and y given2
Ž Yabove. Here we are abusing notation, by identifying x s f F with matrix1 3
a 0
,t 1ž /1
.for instance . This abuse may be justified, and is common in the literature
on free metabelian groups. The reader who is unfamiliar with Magnus
w xrepresentations is directed to the lecture notes of Bachmuth 1 and their
w xcompanion piece 12 by Mochizuki for details.
We can now state our main results. In the first of these we use the
Magnus representation of M . That the image of z does indeed lie in M ,2 2
is shown below.
w "1 "1 xTHEOREM A. Let a , a , b , g , d g Z a , b , and suppose that1 2
1 q a a y 1 q a b y 1 bŽ . Ž .1 2A s ž /g d
Ž w "1 "1 x. Ž w "1 "1 x.is an element of SL Z a , b _ E Z a , b . Let z : F “ M be2 2 3 2
the homomorphism defined by
a 0 b 0 1 0
f z s , f z s and f z s ,1 2 3t q sa 1 t y sa 1 ž /ž / ž / sb 11 2 2 1
Ž . Ž .where s s t b y 1 y t a y 1 . Then,1 2
Ž .1 z is an epimorphism, and
Ž .2 ker z does not contain any primiti¤e elements of F .3
w xThis generalizes the main result of 8 . Having established Theorem A, it
is not difficult to prove the following theorem.
w "1 "1 xTHEOREM B. Let a , a , b , g , d g Z a , b be such that1 2
1 q a a y 1 q a b y 1 bŽ . Ž .1 2A s ž /g d
Ž w "1 "1 x.is an element of SL Z a , b . Then,2
Ž . w xa1w xa2w x b1 p s z z, x z, y y, x is a primiti¤e element of M , andA 3
Ž . Ž w "1 "1 x.2 if A f E Z a , b , then p is a non-induced primiti¤e element2 A
of M .3
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We believe that Theorems A and B and, particularly, their proofs, do
Ž w "1 "1 x.much to elucidate the relationship between SL Z a , b and Aut M .2 3
To exploit Theorem B we need to have some elements of
Ž w "1 "1 x. Ž w "1 "1 x.SL Z a , b _ E Z a , b at hand. It is possible that such ele-2 2
ments are known, but we have been unable to locate any in the literature.
w x Ž w "1 "1 x.However, Bachmuth and Mochizuki 2 have shown that SL Z a , b2
Ž w "1 "1 x.cannot be generated by E Z a , b together with finitely many more2
Ž w "1 "1 x.elements of SL Z a , b , and so such elements are commonplace.2
Our next result gives a fairly general recipe for constructing elements M
Ž w "1 "1 x. Ž w "1 "1 x. Žof SL Z a , b _ E Z a , b . There is one point that needs to2 2
w "1 "1 x w "1 xbe made here. Let f : Z a , b “ Z b be the Z-algebra homomor-
phism such that af s 1 and bf s b, and let us also write f for the group
Ž w "1 "1 x. Ž w "1 x.homomorphism SL Z a , b “ SL Z b induced by f. Then each2 2
of the matrices M constructed below has the property that Mf g
Ž w "1 x.E Z b . Thus the following result appears to have no bearing on the2
Ž w "1 x. Ž w "1 x. .open question as to whether SL Z b s E Z b . Throughout, we2 2
w "1 x w "1 x w "1 "1 xview P a and P a , b as subrings of P a , b in the natural way.
w "1 xHere P a , b denotes the polynomial ring with indeterminate b and
w "1 xcoefficients in P a . Recall that if P is a principal ideal domain then
w "1 xP a is a unique factorization domain, and it is therefore meaningful to
w "1 xsay that two non-zero elements of P a are coprime if they have no
common prime divisors.
THEOREM C. Let P be a principal ideal domain that is not a field and let
w "1 xp / 0 be a non-unit of P. Let s , t g P a , b be such that
Ž . Ž .Ž n ny1 .1 s s a y 1 a b q a b q ??? qa b q a for somen ny1 1 0
w "1 xa , a , . . . , a g P a , where a / 0 and n G 0,n ny1 0 0
Ž .2 p and a are coprime, and,0
Ž . w "1 x3 t f bP a , b
Then
1 y pst by1 p 2t by1M s
2 y1 y1ž /ys t b 1 q pst b
Ž w "1 "1 x. Ž w "1 "1 x.is an element of SL P a , b _ E P a , b .2 2
w xOur proof of Theorem C is modeled on that of the main result of 2 ,
w xwhich itself owes much to an idea of P. M. Cohn 6 .
For matrices M of the kind given in Theorem C, we have been able to
find u g Aut M such that zu s p , where p is the non-induced primi-3 M M
tive element of M given in Theorem B.3
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w "1 "1 xTHEOREM D. Let a , g , b , d g Z a , b be such that
1 q a a y 1 bŽ .
"1 "1 "1 "1w x w xg SL Z a , b _ E Z a , b .Ž . Ž .2 2ž /g a y 1 dŽ .
Then,
Ž .1 the homomorphism u : M “ M gi¤en by xu s x, yu s3 3
w xad w xag w xaw x by x, y x, z , and zu s z z, x y, x is an automorphism,
Ž . w xaw xag2 the in¤erse c of u is gi¤en by xc s x, yc s y y, x z, x ,
w xad w x bzc s z x, z x, y , and
Ž .3 zu is a non-induced primiti¤e element of M .3
Finally, as an application of the results above, we give an example of a
non-induced primitive element of M . A more detailed result can be3
obtained by using the full strength of Theorem D.
w xw x2w x4COROLLARY E. The element z z, y x, z y, x is a non-induced primi-
ti¤e element of M .3
2. PRELIMINARIES
Let ›r› f : ZF “ ZF , for i s 1, 2, 3, denote the Fox derivatives ofi 3 3
Ž . Ž .ZF . Thus › g q g r› f s › g r› f q › g r› f and › g g r› f s3 1 2 i 1 i 2 i 1 2 i
› g r› f q g › g r› f , for all g g ZF and i s 1, 2, 3. We write ›r› x,1 i 1 2 i i 3
›r› y, and ›r› z for the derivatives Z M “ L induced by ›r› f , ›r› f ,3 3 1 2
and ›r› f , respectively. Thus, for each m g M we have that › mr› x s3 3
Ž .› gr› f hf where h: ZF ‚ Z M is the ring epimorphism induced by the1 3 3
natural map h: F ‚ M , f : Z M ‚ L is the ring epimorphism induced3 3 3 3
by the natural map f : M ‚ A and g g F is any preimage of m under3 3 3
h. It is well known that › mr› x is well defined. The derivatives ›r› y and
›r› z are defined analogously.
y1Observe that L admits a Z-algebra automorphism , where a s a ,3
y1 y1b s b , and c s c . The following lemma is probably well known. Its
proof is very easy and is left to the reader. This lemma is essentially the
w Ž .x w x g y1same as 15, 2.4 , but note that in 15 the symbol f denotes gfg ,
whereas our convention is that f g s gy1 fg.
X cLEMMA 1. Let g g M and c g L . Then › g r› w s c › gr› w for w s3 3
x, y, z.
Let R again denote a commutative ring and let Rn denote the free
Ž . nR-module of rank n. We say that r , r , . . . , r g R is a unimodular1 2 n
element of Rn if there exist s , s , . . . , s g R such that r s q r s1 2 n 1 1 2 2
q ??? qr s s 1. Our next lemma is due to Roman'kov.n n
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w xLEMMA 2 15, Theorem B . An element p of M is a primiti¤e element of3
M if and only if3
› pr› x , › pr› y , › pr› zŽ .
is a unimodular element of L3 .3
A generating n-¤ector of a group G is an ordered n-tuple v s
Ž . ² :g , g , . . . , g with g , g , . . . , g g G such that g , g , . . . , g s G.1 2 n 1 2 n 1 2 n
Ž .The set of all generating n-vectors of G is denoted by V G, n . Given any
Ž . Ž .v s g , g , . . . , g g V G, n we may define an epimorphism p : F ‚ G1 2 n v n
Ž .by f p s g , f p s g , . . . , f p s g , so that v s f p , f p , . . . , f p .1 v 1 2 v 2 n v n 1 v 2 v n v
Furthermore, for each u g Aut F , we may now define a new vectorn
Ž . Ž y1 y1 y1 .vu g V G, n by setting vu s f u p , f u p , . . . , f u p . It is easy to1 v 2 v n v
Ž .show that this defines an action of Aut F on V G, n . We direct then
w xreader to 7, Sect. 1 for more details. This idea dates back to a paper by B.
w xH. Neumann and H. Neumann 13 .
Ž .Our final lemma is crucial in the proof of Theorem A. Let V * M , 32
Ž .denote the subset of V M , 3 defined by2
< XV * M , 3 s v g V M , 3 v s xc , yc , c for some c , c , c g M . 4Ž . Ž . Ž .2 2 1 2 3 1 2 3 2
1Ž .
Note that, according to the notation introduced above, F is a free2
factor of F and so we may view Aut F as a subgroup of Aut F in a3 2 3
natural way.
For any group G, there exists a natural map G: Aut G “ Aut GrG9
given by gG9u G s gu G9 for all gG9 g GrG9 and u g Aut G. We say that
u is an IA-automorphism of G if u lies in the kernel of G and denote the
group of all IA-automorphisms of G by I Aut G.
Ž .LEMMA 3. Let u g V * M , 3 and suppose that there exists u g Aut F2 3
Ž .such that uu s u, ¤ , 1 for some u, ¤ g M . Then there exists c g I Aut F2 3
Ž .such that uc s u , ¤ , 1 for some u , ¤ g M .1 1 1 1 2
Ž . Ž Y Y Y .Proof. Since u g V * M , 3 we may write u s f c F , f c F , c F2 1 1 2 2 2 2 3 2
where c , c , c g FX . Define p : F ‚ M by f p s f c FY, f p s f c FY,1 2 3 2 3 2 1 1 1 2 2 2 2 2
Y Ž .and f p s c F so that u s f p , f p , f p . Let h: M ‚ A be the3 3 2 1 2 3 2 2
natural epimorphism and set p 9 s ph. Clearly f p 9 s f FX , f p 9 s f FX ,1 1 2 2 2 2
X ² X :f p 9 s F , and ker p 9 s F , f .3 2 3 3
Ž Y Y Y . Ž y1Let uu s fF , gF , F where f , g g F . Since uu s f u p ,2 2 2 2 1
y1 y1 . y1 Y Ž X X .f u p , f u p , we see that f u p s F . We also see that fF , gF g2 3 3 2 2 2
Ž . w xV A , 2 . A routine argument along the lines of 7, Lemma 4.2 shows that2
Ž . Ž w Ž .x .Aut F is transitive on V A , 2 . This also follows easily from 14, 41.22 .2 2
Ž X X .Consequently, there exists f g Aut F such that fF , gF f s2 2 2
Ž X X . Ž Y Y Y .f F , f F . It follows that uuf s f d F , f d F , F for some d , d g1 2 2 2 1 1 2 2 2 2 2 1 2
FX . Therefore, on replacing u with uf if necessary, we may assume that2
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Ž Y Y Y . Xuu s f d F , f d F , F for some d , d g F . Now uu s1 1 2 2 2 2 2 1 2 2
Ž y1 y1 y1 . Ž Y Y Y . y1 Xf u p , f u p , f u p s f d F , f d F , F and so f u p 9 s f F ,1 2 3 1 1 2 2 2 2 2 1 1 2
f uy1p 9 s f FX , and f uy1p 9 s FX . It follows, from our previous comment2 2 2 3 2
concerning ker p 9, that f uy1 s f f l1 e , f uy1 s f f l2 e , and f uy1 s f ee1 1 3 1 2 2 3 2 3 3 3
where e , e , e g FX and l , l , e are integers. Moreover, since1 2 3 3 1 2
 y1 y1 y14f u , f u , f u is a basis of F , we see that e s "1.1 2 3 3
Let b g Aut F be such that f by1 s f fye l1, f by1 s f fye l2 , and3 1 1 3 2 2 3
f by1 s f e. It is easy to verify that by1uy1 g I Aut F and it follows that3 3 3
Ž y1 y1 y1 y1 y1 y1 .ub g I Aut F . Now uub s f b u p , f b u p , f b u p and,3 1 2 3
y1 e y1 y1 Y Ž .since f b s f , it follows that f b u p s F . Thus uub s u , ¤ , 13 3 3 2 1 1
for some u , ¤ g M . The result follows on setting c s ub.1 1 2
We conclude this section by recording some properties of the Magnus
w xrepresentations of M and M . We again refer the reader to 1, 12 for3 2
details. Similar results hold for the groups M where n G 4.n
Using the Magnus representation, each element of M can be written3
uniquely in the form
g 0
3 , 2Ž .t l 1Ý i i 0
is1
where g g A and l g L for i s 1, 2, 3. Conversely, an element of the3 i 3
Ž .form 2 lies in M if and only if3
a y 1 l q b y 1 l q c y 1 l s g y 1. 3Ž . Ž . Ž . Ž .1 2 3
Ž .It follows easily that the matrix 2 lies in M if and only if2
g g A , l , l g L , l s 0 and2 1 2 2 3
4Ž .
a y 1 l q b y 1 l s g y 1.Ž . Ž .1 2
Ž . Ž .We refer to 3 and 4 as Bachmuth's criterion for M and M ,3 2
respectively.
Calculation with elements of M is greatly facilitated by the formal3
identities
1 0g 0 h 0, s , 5Ž .ž /ž / ž /T h y 1 y S g y 1 1Ž . Ž .S 1T 1
and
y1 h 0g 0 g 0h 0 s , 6Ž .ž /ž / ž / ž /Sg y T h y 1 1Ž .S 1T 1 T 1
which are valid for all g, h g A and S, T g L3 .3 3
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Bachmuth has discovered a very useful matrix representation of I Aut M3
which we now describe. For each u g I Aut M we have that3
a 0 b 0
3 3
xu s , yu s andt l 1 t l 1Ý Ýi 1, i i 2, i 0  0
is1 is1
7Ž .
c 0
3
zu s ,t l 1Ý i 3, i 0
is1
Ž .for some l g L with 1 F i, j F 3. The map V: I Aut M “ GL Lj, i 3 3 3 3
Ž .defined by V: u “ l for all u g I Aut M is a faithful representationj, i 3
Ž . Ž .of I Aut M . Moreover, an element l of GL L lies in the image of3 j, i 3 3
V if and only if
a y 1 l q b y 1 l q c y 1 l s a y 1,Ž . Ž . Ž .1, 1 1, 2 1, 3
a y 1 l q b y 1 l q c y 1 l s b y 1,Ž . Ž . Ž .2, 1 2, 2 2, 3 8Ž .
and
a y 1 l q b y 1 l q c y 1 l s c y 1.Ž . Ž . Ž .3, 1 3, 2 3, 3
We refer to V as the Bachmuth representation of I Aut M .3
In the proof of Theorem D we use this representation to prove that a
certain homomorphism M “ M is in fact an automorphism. To explain3 3
this application of the Bachmuth representation let us suppose that u :
Ž .M “ M is a homomorphism not necessarily an automorphism and that3 3
Ž .xu , yu , zu are as given at 7 . Since xu , yu , zu g M it follows easily from3
Ž . Ž . Ž .3 that l satisfies 8 . Consequently, u is an automorphism if and onlyj, i
Ž . Ž .if l g GL L .j, i 3 3
3. THE PROOFS OF THE MAIN RESULTS
X w xWe begin by observing that M is the normal closure of x, y in M . In2 2
terms of the Magnus representation of M this means that2
1 0XM s l g L ,2 2½ 5ž /sl 1
Ž . Ž .where s s t b y 1 y t a y 1 . This follows immediately on noting that1 2
1 0 Xw x Ž .x, y s . Clearly this implies that M is a free L -module of rank 1.2 2s 1
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Ž .The Proof of Theorem A. First we note that Bachmuth's criterion 4
shows that the matrices f z , f z , and f z lie in M , and so we really1 2 3 2
define a homomorphism z : F “ M .3 2
Ž .Next we use 5 to calculate that
1 0w xf , f z s .1 2 ž /s 1 q a a y 1 q a b y 1 1Ž . Ž .Ž .1 2
Ž w "1 "1 x. Ž Ž . ŽNow by hypothesis A g SL Z a , b , and so 1 q a a y 1 q a b2 1 2
1 0.. Ž .y1 d y bg s 1. It follows easily that lies in the normal closure ofs 1
w x 4f , f z , f z in M and so1 2 3 2
1 0 1 0
andsa 1 sa 1ž / ž /1 2
are in the image of z . Thus
y1
a 0 1 0 b 0 1 0s x and s yt q sa 1 sa 1 t y sa 1 sa 1ž / ž / ž / ž /1 2 2 2 1 1
lie in the image of z . It follows that z is an epimorphism, as claimed. We
Ž . Ž .note, for future use that f z , f z , f z g V * M , 3 .1 2 3 2
Ž . Ž .Let w s w , w , w g V * M , 3 . Then using the Magnus embedding1 2 3 2
of M we may write2
a 0 b 0 1 0
w s , w s and w s ,1 2 3t q sl 1 t q sl 1 sl 1ž / ž / ž /1 1 2 2 3
for some l g L . It is easy to see that M X is the normal closure ofi 2 2
w x 4w , w , w in M . Now1 2 3 2
1 0w xw , w s ,1 2 ž /s 1 q l b y 1 y l a y 1 1Ž . Ž .Ž .1 2
Žand it follows that L is generated as a module over itself by m s 1 q l b2 1
. Ž . Ž .y 1 y l a y 1 together with l . We write U w for the unimodular2 3
Ž . 2 Ž .vector m, l g L . Thus the first and second entries of U w are the3 2
Ž . w xcoefficients of s in the 2, 1 -entries of w , w and w , respectively. We1 2 3
Ž .proceed to investigate U wc where c g I Aut F . Here wc denotes the3
Ž .image of w under the action of Aut F on V M , 3 that we introduced in3 2
Section 2.
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Ž w x.It is well known see, for instance, 11, Sect. 3.6, Theorem N4 that
I Aut F is generated by the following automorphisms K and K where3 i j i jk
 4i, j, k g 1, 2, 3 :
K : f “ f f fy1 for all i / j,i j i j i j
K : f “ f if m / i ,i j m m
and
K : f “ f f , f for i / j - k / i ,i jk i i j k
K : f “ f if m / i .i jk m m
Suppose now that p : F ‚ M is the epimorphism such that f p s w3 2 i i
Ž . Ž y1for i s 1, 2, 3, so that w s f p , f p , f p . Then wK s f K p ,1 2 3 12 1 12
y1 y1 . Ž f 2 . Ž w 2 . Ž .f K p , f K p s f p , f p , f p s w , w , w and so U wK s2 12 3 12 1 2 3 1 2 3 12
Ž .mb, l . Similar calculations show that3
U wK s m y l a y 1 b y 1 , l ,Ž . Ž . Ž .Ž .13 3 3
U wK s ma, l ,Ž . Ž .21 3
U wK s m q l a y 1 b y 1 , l ,Ž . Ž . Ž .Ž .23 3 3
U wK s m , l a ,Ž . Ž .31 3
and
U wK s m , l b .Ž . Ž .32 3
Ž .Note that for each i, j there exists a matrix G g GE L such thati j 2 2
Ž . Ž .U wK s U w G .i j i j
ŽTurning now to the automorphisms K , we find that wK s f p ,i jk 123 1
. Ž y1 y1 y1 . Ž w x .f p , f p K s f K p , f K p , f K p s f f , f p , f p , f p2 3 123 1 123 2 123 3 123 1 3 2 2 3
Ž w x .s w w , w , w , w . Now1 3 2 2 3
a 0w xw w , w s ,1 3 2 t q sl q sl b y 1 1ž /Ž .1 1 3
and so
1 0
w xw w , w , w s .21 3 2 2 s m q l b y 1 1Ž .ž /Ž .3
Ž . Ž Ž .2 .It follows that U wK s m q l b y 1 , l . Similar calculations show123 3 3
Ž . Ž Ž .2 . Ž . Ž .that U wK s m y l a y 1 , l and U wK s m, l q m . Again213 3 3 312 3
Ž .we see that for each i, j, k, there exists a matrix G g GE L such thati jk 2 2
Ž . Ž .U wK s U w G .i jk i jk
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It follows easily from the preceding argument that, for each u g I Aut F ,3
Ž . Ž . Ž .there exists a matrix G g GE L such that U wu s U w G .u 2 2 u
Suppose for a contradiction that ker z contains a primitive element of
Ž . w xF and let w s f z , f z , f z . It follows from 7, Lemma 1.5 that there3 1 2 3
Ž .exists u g Aut F such that wu s u, ¤ , 1 for some u, ¤ g M . Moreover,3 2
Ž .since w g V * M , 3 , Lemma 3 shows that we may assume that u g2
Ž . Ž . Ž .I Aut F . Thus U wu s U w G for some G g GE L . Recall that3 u u 2 2
Ž . Ž . Ž .GE L is a semidirect product of E L and D L and so we may2 2 2 2 2 2
Ž . Ž .write G s E D where E g E L and D g D L . We calculate thatu u u u 2 2 u 2 2
Ž . Ž Ž . Ž . . Ž . Ž .U w s 1 q a a y 1 q a b y 1 , b and U wu s x , 0 for some x1 2 1 1
Ž Ž . Ž . . Ž .g L . It follows that 1 q a a y 1 q a b y 1 , b E s U w E s2 1 2 u u
Ž .x , 0 for some x g L . Consequently,2 2 2
x 02AE s ,u x xž /3 4
w "1 "1 xfor some x , x g Z a , b . Since the determinant of AE is 1, we see3 4 u
that x s xy1, a unit of L . Therefore4 2 2
1 0
C s g E L .Ž .y1 2 2ž /yx x 13 2
Now
x 02
CAE s ,u y1ž /0 x2
and so
1 01 x 1 x 1 y1 1 0 1 y12 2CAE s .y1u ž / ž / ž /ž / ž /ž /yx 1 0 1 1 1 0 10 1 0 12
With the possible exception of A, each matrix in the above equation is
Ž . Ž .contained in E L and we deduce that A g E L . This contradiction2 2 2 2
completes the proof.
The Proof of Theorem B. With the aid of Lemma 1 it is easy to compute
that
y1 y1 y1› p r› x s yca a c y 1 q b b y 1 ,Ž . Ž .Ž .A 1
y1 y1 y1› p r› y s cb b a y 1 y a c y 1 ,Ž . Ž .Ž .A 2
and
y1 y1› p r› z s 1 q a a y 1 q a b y 1 .Ž . Ž .A 1 2
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Ž . Ž .Let a s 1 q a a y 1 q a b y 1 so that the determinant of A is1 2
det A s ad y bg s 1. Now
y1 y1› p r› x yc aga q › p r› y c bga q › p r› z d y gbŽ . Ž . Ž .A 2 A 1 A
y1 y1s a c y 1 q b b y 1 gaŽ . Ž .Ž .1 2
y1 y1q b a y 1 y a c y 1 gaŽ . Ž .Ž .2 1
y1 y1q 1 q a a y 1 q a b y 1 d y gbŽ . Ž .Ž . Ž .1 2
s a a g c y 1 q a bg b y 1 q a bg a y 1Ž . Ž . Ž .1 2 2 1
ya a g c y 1 q a d y gbŽ . Ž .1 2
s bg a b y 1 q a a y 1 y a q adŽ . Ž .Ž .2 1
s ybg q ad
s ad y bg
s 1
s 1.
Ž . 3Hence › p r› x, › p r› y, › p r› z is a unimodular element of L and itA A A 3
follows from Lemma 2 that p is a primitive element of M . We haveA 3
Ž .proven part 1 of the theorem.
Throughout the remainder of the proof we assume that A f
Ž w "1 "1 x.E Z x , y . We define a homomorphism z *: M “ M by setting2 3 2
a 0 b 0 1 0
xz * s , yz * s , zz * s ,t q sa 1 t y sa 1 ž /ž / ž / sb 01 2 2 1
Ž . Ž .where s s t b y 1 y t a y 1 . Therefore z s hz * where z : F ‚ M is1 2 3 2
the epimorphism referred to in Theorem A and h: F ‚ M is the natural3 3
map. Evidently this implies that z * is an epimorphism. It is not difficult to
verify, by direct calculation, that p g ker z *. Suppose now that p is anA A
induced primitive element of M . Then p s gh for some primitive3 A
element g of F . However, we now have that gz s ghz * s p z * s 1, and3 A
Ž .so ker z contains a primitive element of F . This contradicts Theorem A 23
and completes the proof.
The Proof of Theorem C. Throughout we let F denote the field of
b 0Ž .fractions of P. Let T s , an element of the general linear group0 1
Ž w " 1 " 1 x. Ž w " 1 x.GL P a , b , and let A s SL F a , b , a subgroup of2 2
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Ž w "1 "1 x. TSL F a , b . We also let B s A , the conjugate of A by T , so that2
y1T d ed eb"1 "1w x w xB s SL F a , b s g SL F a , b .Ž . Ž .2 2½ 5ž /ž / f gfb g
w "1 x wSince F a is a principal ideal domain, we can now invoke 2, Proposi-
x Ž w "1 "1 x.tion 3 to deduce that SL F a , b decomposes as a free product of2
A and B with U s A l B amalgamated. Thus
T"1 "1 "1 "1w x w x w xSL F a , b s SL F a , b ) SL F a , b .Ž . Ž . Ž .2 2 U 2
w "1 xSince s , t f bP a , b , it is easy to see that
1 0 2 y11 p t bg A _ U and g B _ U.ž /ž /"srp 1 0 1
Now
1 0 2 y1 1 01 p t b s M ,ž /ž / ž /srp 1 ysrp 10 1
Žand so the normal form theorem for free products with amalgamation see,
w x.for instance, 11, Corollary 4.4.2 implies that if M s g g ??? g , where1 2 r
the g are alternately in A _ U and B _ U, then r s 3, g , g g A _ U, andi 1 3
g g B _ U.2
Ž w "1 x. Ž w "1 x.T ² :Let A s SL P a , b , B s SL P a , b , and G s A , B .P 2 P 2 P P
Ž w "1 "1 x.We claim that E P a , b F G. Now2
0 1 "1w xV s g SL P a , b F G,Ž .2ž /y1 0
and
1 f 1 0y1V V s ,ž / ž /yf 10 1
Ž w "1 "1 xfor all f g SL P a , b . Therefore, to establish our claim, it suffices2
1 f "1 "1Ž . w xto show that g G for all f g P a , b . Now0 1
T y11 1 1 01 bs g B and g A ,P Pž / ž /ž /0 1 yb 10 1
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and so
y1 1 0 y1 y11 b 1 b yb 0V s s W g G.ž /ž / ž / ž /yb 10 1 0 1 0 yb
w "1 "1 x 2 tLet f g P a , b and let t be a positive integer such that b f g
w "1 xP a , b . Since
1 b2 t f g G,ž /0 1
it follows that
2 t 1 f1 b ft ytW W s g Gž /ž / 0 10 1
and our claim is proven.
To complete the proof of the theorem we suppose, for a contradiction,
Ž w "1 "1 x.that M g E P a , b . Observe that A l U s B l U. Since2 P P
Ž w "1 "1 x.E P a , b F G, it follows easily that we can write M s g g ??? g2 1 2 r
where the g are alternately in A and B , and no g lies in U. Ouri P P i
previous comment concerning the normal form theorem for free products
with amalgamation now shows that we may write
T y1d e h i d e h ibl m l mM s s ,n p n pž / ž /ž / ž / ž / ž /f g j k f g jb k
w "1 xwhere d, e, f , g, h, i, j, k, l, m, n, p g P a , b .
On calculating the products that appear in the previous equation, we see
Ž . y1 y1that the 1, 1 entry of M is 1 y pst b s dhl q ejlb q dinb q ekn and
Ž . 2 y1 y1the 1, 2 entry of M is p t b s dhm q ejmb q dipb q ekp. Let us
w "1 x w "1 xview elements of P a , b as polynomials in b with coefficients in P a
and write d , i , l , p , s , and t for the constant terms of the0 0 0 0 0 0
polynomials d, i, l, p, s , and t , respectively. It is easy to see, by
considering the coefficients of by1, that yps t s d i n and p 2t s0 0 0 0 0 0
d i p . Thus d i n p s yps t p s p 2t n . Now, by hypothesis, t f0 0 0 0 0 0 0 0 0 0 0 0
w "1 x w "1 xbP a , b and so t / 0. Since p / 0 and P a , b is a domain, we0
deduce that
ys p s p n . 9Ž .0 0 0
Ž .Ž n ny1 .Moreover, since s s a y 1 a b q a b q ??? qa b q a , we haven ny1 1 0
Ž .that s s a y 1 a . Now a y 1 is an irreducible element of the unique0 0
w "1 x Ž .factorization domain P a and p is coprime to a . It follows from 90
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l m "1Ž . Ž w x.that a y 1 divides n and p divides p . Now g SL P a , b , and0 0 2n p
so lp y mn s 1. It follows easily that
l p y m n s 1. 10Ž .0 0 0 0
w "1 xLet u : P a “ P be the ring homomorphism given by au s 1 and
qu s q for all q g P and note that a y 1 is in the kernel of u . On
Ž .applying u to Eq. 10 and recalling that a y 1 divides n , we see that0
l u . p u s 1. Moreover, since p divides p , it is clear that p divides p u .0 0 0 0
We deduce that p is a unit of P. This contradiction completes the proof.
The Proof of Theorem D. We first calculate the Magnus representations
Ž .of xu , yu , and zu and find that their 2, 1 -entries are
t ,1
t ad b y 1 q ag c y 1 q t 1 y ad a y 1 y t ag a y 1 ,Ž . Ž . Ž . Ž .Ž . Ž . Ž .1 2 3
and
y t b b y 1 q a c y 1 q t b a y 1 q t 1 q a a y 1 ,Ž . Ž . Ž . Ž .Ž . Ž .1 2 3
respectively. Let
1 0 0
ad b y 1 q ag c y 1 1 y ad a y 1 yag a y 1Ž . Ž . Ž . Ž .M s , 0yb b y 1 y a c y 1 b a y 1 1 q a a y 1Ž . Ž . Ž . Ž .
where the rows of M have been formed from the coefficients of t , t , and1 2
t in xu , yu , and zu , respectively. Now M has determinant3
2det M s 1 y ad a y 1 1 q a a y 1 q abg a y 1Ž . Ž . Ž .Ž . Ž .
2 22s 1 q a a y 1 y ad a y 1 y a d a y 1 q abg a y 1Ž . Ž . Ž . Ž .
s 1 q a a y 1 1 y d y da a y 1 q bg a y 1 4Ž . Ž . Ž .
s 1 q a a y 1 1 y d 1 q a a y 1 q bg a y 1 4Ž . Ž . Ž .Ž .
 4s 1 q a a y 1 1 y det AŽ .
s 1,
Ž .and so M g GL L . On considering Bachmuth's representation V:3 3
Ž .I Aut M “ GL L that we discussed at the end of Section 2, we see that3 3 3
u is an automorphism of M . That zu is a non-induced primitive element3
Ž .of M follows immediately from Theorem B 2 since zu s p . Note that3 A
Ž . Ž .we have now proven parts 1 and 3 of the theorem.
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Ž . Ž .To prove part 2 of the theorem, we first calculate that the 2, 1 -entries
of xc , yc , and zc are
t ,1
yt a b y 1 q ag c y 1 q t 1 q a a y 1 q t ag a y 1 ,Ž . Ž . Ž . Ž .Ž . Ž .1 2 3
and
t b b y 1 q ad c y 1 y t b a y 1 q t 1 y ad a y 1 ,Ž . Ž . Ž . Ž .Ž . Ž .1 2 3
respectively.
Let
1 0 0
ya b y 1 y ag c y 1 1 q a a y 1 ag a y 1Ž . Ž . Ž . Ž .N s , 0b b y 1 q ad c y 1 yb a y 1 1 y ad a y 1Ž . Ž . Ž . Ž .
where the rows of N have been formed from the coefficients of t , t , and1 2
t in xc , yc , and zc , respectively. We invite the reader to verify that3
N s My1. As an aid to calculation we recall that the matrix in the
Ž Ž ..statement of this theorem has determinant 1 and so 1 q a a y 1 d y
Ž .bg a y 1 s 1. It now follows easily from the discussion at the end of
Section 2 that c s uy1. The proof is complete.
The Proof of Corollary E. We begin by applying Theorem C with
P s Z, p s 2, s s a y 1, and t s 1. We deduce that
1 y 2 a y 1 by1 4by1Ž .
M s 2 y1 y1ž /y a y 1 b 1 q 2 a y 1 bŽ . Ž .
w "1 "1 x w "1 "1 xg SL P a , b _ E P a , b .Ž . Ž .2 2
y1 y1 ŽWe now invoke Theorem D with a s y2b , b s 4b , g s y a y
. y1 Ž . y1 w xy2 by1 w x4 by11 b , and d s 1 q 2 a y 1 b to deduce that p s z z, x y, x
w x2 by1 w x4 by1s z x, z y, x is a non-induced primitive element of M . It is clear3
that a conjugate of a non-induced primitive element of M is again a3
non-induced primitive element of M , and so it follows that p y s3
yw x2w x4 w xw x2w x4z x, z y, x s z z, y x, z y, x is a non-induced primitive element of
M , as claimed.3
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